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Abstract 

Let / be an entire transcendental function and A be a forward invariant bounded 
Siegel disk for / with rotation number in Herman's class T~L. We show that if / belongs 
to a certain wide class of entire functions, the boundary of A contains a critical point, 
provided that there are only two singular values interacting with the Siegel disk. We also 
prove several general results on the mapping properties of entire functions and on the 
relation between preimages of sets and the presence of singular values. These include a 
weak form of Mane's Theorem according to which the boundary of a bounded Siegel disk 
must be accumulated by the orbit of a recurrent critical point. 

Introduction 

We consider the dynamical system generated by the iterates of an entire transcendental 
function / : C — > C, that is a function which is holomorphic on the complex plane C and has 
an essential singularity at infinity (in general, we will omit the word 'transcendental'). In 
this setup, there is a dynamically natural partition of the phase space into two completely 
invariant subsets: the Fatou set J~(f), formed by those z G C for which the family of iterates 
{/ n }neN is normal in the sense of Montel in some neighborhood of z; and the Julia set J(f), 
its complement. Orbits in the Julia set exhibit chaotic behavior - in fact, J{f) is the closure 
of the repelling periodic points of /. 

The Fatou set is open and orbits in the Fatou set are stable in some sense. The peri- 
odic components of J-(f) are completely classified into basins of attraction of attracting or 
parabolic cycles, Siegel disks (topological disks on which a certain iterate of / is conjugate to 
a rigid irrational rotation of angle 9, called the rotation number) or Baker domains (regions 
on which iterates converge uniformly to infinity). Non-periodic components of the Fatou set 
are called preperiodic if they are eventually mapped to a periodic component, and wandering 
otherwise. Baker and wandering domains are types of Fatou components which appear only 
in the transcendental setting. 
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In holomorphic dynamics, the singular values of / play a crucial role. A singular value of 
/ is a point around which not all branches of f^ 1 are well defined and univalent (see Section 
ll.2p . A singular value s is a critical value if s = /(c) where c is a point with vanishing 
derivative or critical point. If / is transcendental a second kind of singular value is allowed: s 
is an asymptotic value if there exists a curve tending infinity (the essential singularity) whose 
image under / is a bounded curve converging to s. Morally, asymptotic values concentrate 
infinitely many preimages at infinity. We denote 

S(f) = {s € C; s is a singular value for /}. 

Observe that S(f) is closed because any accumulation point of singular values is itself a 
singular value (more precisely an asymptotic value), and that / : C \ f~ 1 {S(f)) — > C \ S(f) 
is a covering of infinite degree. 

Our primary goal in this paper is to study the relation between bounded Siegel disks and 
singular values in the transcendental setting. To that end, we also develop some results about 
entire functions which apply to many different settings than our own. One example is the 
following proposition, contained in Section [1.31 

Proposition 1 (Unbounded preimages of bounded sets). Let f be an entire function, V C C 
a bounded simply connected open set, and U C C an unbounded connected component of 
f (V). Then, either V contains an asymptotic value, or U contains infinitely many critical 
points and V contains at least two critical values. 

All types of Fatou components are somehow associated with a singular orbit (the orbit of a 
singular value). For example, all basins of attraction must contain at least one singular orbit 
which accumulates on the periodic cycle. Siegel disks cannot contain critical points although 
they may contain asymptotic or critical values if these have regular preimages which are 
contained in the cycle of Siegel disks. On the other hand the boundary of a Siegel disk 
must be in the accumulation set of one or more singular orbits. The relation of S(f) with 
wandering or Baker domains is not as well understood but, if / is an entire function with 
finitely many singular values, neither wandering domains nor Baker domains exist ( |EH [GlC] ) . 
Likewise, if / belongs to the Eremenko-Lyubich class B of entire functions for which S(f) is 
bounded, then / has no Baker domains, nor any wandering domains for which the iterates 
converge uniformly to infinity [EL]. Wandering domains which oscillate are possible [Bi], and 
wandering domains with bounded orbit have not yet been discarded. 

From now on, let A be a bounded invariant Siegel disk with rotation number 9. The 
results in this paper can be generalized to cycles of bounded Siegel disks, but we chose to 
consider the fixed case to keep the exposition simpler. As much as the dynamics on A is well 
understood, the dynamics on its boundary is not, and it very much depends on the rotation 
number 9, and in some instances, on the dynamics of / outside of A. It is not known up to 
today, even in polynomial or rational dynamics, whether dA is always a Jordan curve. In 
transcendental dynamics, Siegel disks may have non-locally connected boundaries due to the 
presence of an asymptotic value in the boundary which makes the disk unbounded. In the 
case of bounded disks however, no example has been found yet for which the boundary is not 
a Jordan curve. 
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For any singular value s G S(f) we denote by lu(s) its w-limit set, that is the set of 
accumulation points of the sequence {f n (s)} n . As mentioned above, a theorem of Fatou |Mij 
states that 

OAC \J w(a). 

seS(f) 

In fact, if / is a rational function, Mane [Ma3] proved that the boundary of A needs to 
be in the accumulation set of a recurrent critical point, that is a critical point whose orbit 
accumulates on itself. This theorem is not yet known to be true for general entire functions 
although it has been proven for entire functions with finitely many singular values \RvS\ 
Corollary 2.9]. In Section[2l under some additional hypothesis, we prove the following version 
of Mane's theorem which is sufficient for our purposes. 

Proposition 2 (Fatou variation). Let / be an entire transcendental map with a bounded 
invariant Siegel disk A. Suppose / has a finite set of singular values all of which are on <9A. 
Then there is a recurrent critical point on <9A. 

Remark. Proposition 2 is also true if / has infinitely many singular values, as long as only 
a finite number of them are on <9A and the others do not interact with the Siegel disk (see a 
precise definition later on). 

Observe that this implies that if an entire map has finitely many singular values interacting 
with a Siegel disk A, all of which are on dA, and if / has no recurrent critical points, then 
A is unbounded, even if the asymptotic values have preimages in C. 

It is of interest to know whether and when the boundary of A actually contains a critical 
point or a singular value. Again, this depends strongly on the arithmetic properties of the 
rotation number. An important set of rotation numbers is the set of Herman numbers Ti 
defined as the set of 9 £ R such that every orientation preserving analytic diffeomorphism 
of the circle is analytically linearizable, that is, analytically conjugate to the rigid rotation 
IZg. This set was proven to be nonempty by Herman [Helj who showed that it contains all 
diophantine numbers, and was later described arithmetically by Yoccoz [Yoj. 

The two issues mentioned above, the topological nature of dA and whether it contains 
a critical point are related to each other. A classical (local) theorem of Ghys |Ghj states 
that if 6 € % and dA is a Jordan curve then, independently of the nature of / outside the 
disk, dA contains a critical point. There are many instances for which it is proven that the 
boundary of a Siegel disk is a Jordan curve and contains a critical point. This is the case 
for example if the rotation number is of bounded type (that is, Diophantine of order 2) and 
f is a polynomial \Gh\ ID1 [Sj [He3, Zl] or a rational map [Zh] or a map of the form Xze p ^ 
with P a polynomial [Z2J. Regarding entire transcendental maps Rempe [Re J proved some 
results concerning the presence of singular values in dA for functions in class B such that 
S(f) C J{f)- Other related results can be found in |GS| (for rotation numbers of bounded 
type) and in |BeF] . 

Our main goal is, assuming that A is a bounded Siegel disk, to determine under which 
circumstances we can ensure that d A contains a critical point, without assuming that d A is a 
Jordan curve. This question was first addressed by Herman [He2] who, based on Ghys' ideas, 
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developed a general theorem about extensions of holomorphic maps which leave invariant a 
rotation annulus with rotation number in H. He used this result to prove some interesting 
corollaries. 

Theorem (Herman). 

(a) Let f be a holomorphic map on a domain U C C, and A be a bounded invariant Siegel 
disk for f with rotation number 9 € W such that A C U. Then there is a critical point 
in dA provided f\dA *s injective. 

(b) If f(z) = z d + c with d > 2 and c € C has a Siegel disk A with rotation number 9 € H, 
then dA contains a critical point. 

(c) If f{z) = \e z with A € C \ {0} has a Siegel disk A with rotation number 9 (zTi, then A 
is unbounded. 

Observe that the theorems above have no assumption (nor claim) on the topology of 
8A. Our source of inspiration is the step taken by Cheritat and Roesch [CR| towards a 
generalization of Herman's Theorem on unicritical polynomials (part (b)). 

Theorem (Cheritat-Roesch). Let P be a polynomial with two critical points, and A be an 
invariant Siegel disk with rotation number in Ti. Then dA contains a critical point. 

Our goal is to study this problem in the case of entire functions having a bounded invariant 
Siegel disk A. Although in some cases we reduce locally to the polynomial setting, in general 
we must take into account the very different nature of / provided by its essential singularity 
at infinity. The infinite degree and the presence of asymptotic values give rise to many more 
possibilities than those found in the polynomial setup. 

Let A be the complement of the unique unbounded connected component of C \ A. If 
the boundary of A is a Jordan curve, A = A. In general we allow / to have infinitely many 
singular values, although in many cases only a finite subset is allowed to interact with A. 

Definition We say that only a finite set of singular values 5 a = 5a(/) C S(f) is interacting 
with A if the following conditions are satisfied: 

(a) w(s) n A ^ for all s € 5a; 

00 U se5 (/)\5 A n A = 0, and 

(c) the singular values in S(f) \ 5a do not accumulate on dA. 

Observe that escaping singular values, as well as singular values which belong to preperiodic 
Fatou components whose closure is disjoint from dA, are non-interacting (if they are in 
wandering domains, they could). Also note that if S(f) is finite then all three conditions 
above are automatically satisfied. 

Observe that escaping singular values, as well as singular values which belong to Fatou 
components whose orbit's of the closure is disjoint from dA, are non-interacting. Also note 
that if S(f) is finite then the conditions above are automatically satisfied. 
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To prove our main theorem we need to use the fact that, under some additional assump- 
tions on /, the boundaries of two distinct periodic Fatou components intersect in at most one 
point. This was shown to be true for polynomials with a connected Julia set [GM] and also 
for entire functions under certain conditions [BF_j. We refer to this property as periodic Fatou 
components can be separated. The actual condition is a bit technical and will be clarified 
in Section 11.41 but, for functions of finite order, it is implied by a variety of conditions, the 
simplest (and strongest) of which is to assume, for example, that the union of all singular 
orbits forms a bounded set (see [Rej . [F] and Prop. [L9j) , 

We are now ready to state our main theorem. 

Main Theorem. Let f be an entire function such that periodic Fatou components can be 
separated and f has no wandering domains. Suppose f has a bounded invariant Siegel disk 
A with rotation number %, and such that only two singular values are interacting with A. 
Then there is a critical point on dA. 

The main theorem is proven by subdividing it into three cases, each of which requires 
different hypothesis. In particular, only in the last case we need to be able to separate Fatou 
components . We list the three independent results here. 

Proposition 3 (All singular values outside). Let f be an entire map with a bounded Siegel 
disk A of rotation number 9, and suppose S(f) n A = 0. Then 

(a) 6 (Herman); 

(b) If furthermore periodic Fatou components can be separated, and there are no wandering 
domains in A, then dA is a Jordan curve. 

The first statement is actually due to Herman as an easy consequence of his theorem stated 
above (part (a)). The second statement is a transcendental counterpart of [Ro, Theorem 
3.1]. In the transcendental case, additional hypothesis are needed to take care of the greater 
varieties of behaviours which may occur. 

With a similar proof to the Fatou variation stated above we obtain the following. 

Theorem 4 (All singular values inside). Let f be an entire map with a bounded invariant 
Siegel disk A. Suppose that there are only finitely many singular values interacting with A, 
all of which are contained in A, and that there are no wandering domains in A. Then there 
is a critical point on dA. 

The final case completes the proof of the Main Theorem for functions with only two 
singular values interacting with A. 

Theorem 5 (One inside one outside). Let f be an entire transcendental map with no wan- 
dering domains which has a bounded invariant Siegel disk A with rotation number 6 G %. 
Suppose that f has only two interacting singular values v,v', and that periodic Fatou compo- 
nents can be separated. If there is exactly one singular value v in A, then v 6 d A and there 
is a critical preimage c of v on dA. 
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Recall that if / has only finitely many singular values, the absence of wandering domains 
is automatic. 

The paper is organized as follows. We first introduce and prove some results related to 
topology and to singularities of entire functions, as well as describe the conditions under 
which periodic Fatou components can be separated; in the meantime, we prove Proposition 
1. We then prove Proposition 3, Theorem 4 and the Fatou Variation. Finally, we prove 
Theorem 5, which also concludes the proof of the Main Theorem. 
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1 Preliminaries and tools 
1.1 Hats and hidden components 

We start by stating and proving some of the basic properties of hats. By component of a set 
X we mean a connected component of X. 

For a bounded set X, X is defined as the complement of the unbounded component of 
C \ X. By definition X is full. 

Proposition 1.1 (Properties of hats). Let X,Y be bounded subsets of C, V be a simply 
connected neighborhood of X . Then the following facts hold: 

1. Y C X Q X Q X. 

2. Let g be a univalent function defined in V. Then g(X) = g(X). 

3. Let f be an entire function and assume that there are no singular values in V \ X. Let 
U be a bounded connected component of f~ l (V). By f~ l \jj(X) we mean the union of 
the preimages of X which are contained in U. Then 

r\^x) = r i \ v {x) 



Most of these facts in some form can be found in |CR] but we include the proofs here for 
completeness. 

Proof. 1. This follows because X is both closed and full. 
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2. Observe that 



g(X) = g(X) U |bounded components of C \ g(X) j 
X = X U {bounded components of C \ X} . 

We first show that g(X) C g(X). If z G g(X), g^ 1 (z) G X because 5 is a homeomor- 
phism hence g _1 (z) G X and z € g(X). If z is in a bounded component of C \ g(X) 
then <7 _1 (z) belongs to a bounded component of C\X by the maximum principle hence 
g~ l {z) G X and x G g(X). 

We now show that g{X) D t/(X) . If z G #(X) then fiT 1 ^) G x - If S -1 ^) G ^ then 
z G g{X) = g(X) because g is a homeomor phism, hence z G g(X). Otherwise g (z) is 
in a bounded component of C \ X hence z is in a bounded component of C \ g(X) and 

zeglx)- 

3. Let {Xi}i be the components of f^ 1 (X) which are contained in U, and X' = UiXi = 
f-^uiX). By definition f{X') = X. Because / : U ->■ V is proper, SX' = U^X^, 
Z(aX') = ax and /(X') = X. 

We first show that X' C /[ [ } 1 (X). If z G X', /(z) G X because 5 is proper hence 
f(z) G X and 2 G /|^(X) by definition. If z is in a bounded component of C \ X' 
then since / has no poles and is proper f(z) belongs to a bounded component of C \ X 
hence f(z) G X Then by definition of fl^iX), z G fl^iX). 

We now show that X' D /|^(X). If z G /|^(X) then /(z) G X. If /(z) G X, then 
z G X' C X' because / is proper. Otherwise f(z) is in a bounded component of C \ X; 
by the maximum principle z is in a bounded component of C \ X' and z G X'. 

□ 

Consider now an invariant Siegel disk A. Because A is forward invariant, d A also is. The 
bounded components of C \ A are called hidden components and are denoted by Hi. Hidden 
components (see [He2j) are Fatou components, because dH{ C <9A and f(dA) = <9A; so by 
the maximum principle the family of iterates on Hi is bounded hence normal. Also the images 
of hidden components are contained in A, so A is forward invariant. As a consequence, it is 
easy to check that dA = SAqo where denotes the unbounded component of C \ A. This 
striking fact does not imply a priori that there are no hidden components, as shown in the 
lakes of Wada constructions (see [Ynj ) . Examples of Siegel disks with hidden components 
have never been found, however, their existence has not been disproved either. 

1.2 Singularities of entire functions 

For the following classification of singularities see [BE] and [Tv] . 

Proposition 1.2 (Classification of singularities). Let f be an entire function, z G C, D(z,r) 
be the disk of radius r centered at z. For any r let U r be a component of f^ 1 (D(a,r)), chosen 
such that U r C U r > if r < r' . Then only two cases are possible: 
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(a) fl r !7r = W,peC 



(b) n,^ = 

In case (a), f(p) = z, and either f'(p) ^ and z is a regular point, or f'(p) = and z is a 
critical value. In case (b), the chosen branch U r defines a transcendental singularity over z, 
and it can be shown that z is an asymptotic value for f. 

A singular value which is not accumulated by other singular values is called an isolated 
singularity. Non-isolated singularities are always asymptotic values, because critical points 
for / are a discrete set hence can only accumulate at infinity. 

Singular values can be critical values, asymptotic values, or both, depending on the se- 
lected branch of the inverse. Singular values can also have noncritical preimages. If a is a 
preimage of s such that / is univalent in a neighborhood of a, we say that a is a regular 
preimage of s; otherwise, we say that it is a critical preimage. In case (b), we also say that a 
has a preimage at infinity along that given branch. 

1.3 Coverings and mapping properties of entire functions 

The next lemma is a basic fact in algebraic topology, see for example [HaJ for general theory 
about coverings. 

Lemma 1.3 (Coverings of B and B*). Let U C C, B be the unit disk and B* = B \ {0}. 

(a) If f is a holomorphic covering from U — y B, then U is simply connected and f is 
univalent. 

(b) If f is a holomorphic covering from U — > B* ; then either U is biholomorphic to B* and 
f is equivalent to z d , or U is simply connected and f is the universal covering, hence 
equivalent to the exponential map. 

Sketch of proof. As / is a covering, the fundamental group of U is a subgroup of the funda- 
mental group of f(U) which is either B or B*. 

(a) The fundamental group of f(U) = B is trivial, hence U is simply connected as well and 
/ is a homeomorphism. 

(b) The fundamental group of U is a subgroup of the fundamental group of B* which is Z, 
hence it is either trivial or isomorphic to Z. In the first case / is the universal covering 
and / is equivalent to the exponential map. In the second case, U is the quotient of 
the upper half plane by a translation, hence U ~ B* and / is equivalent to z d . 

□ 

Corollary 1.4 (Separating branches). If f is a holomorphic map and z G C is an isolated 
singularity for f, then there is a neighborhood V of z such that each component of f~ l (V) is 
simply connected, and is either unbounded or containing at most one critical point. 
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Proof. Let V be any simply connected neighborhood of z such that V fl S(f) = {z} which 
exists because z is not accumulated by singular values. Let U be a component of f~ l (V). 
By Lemma [L3l either / : U — Y V is univalent, or f : U \ {f~ 1 (z)} — > V \ {-2} is a covering of 
D*. In this case, either U contains exactly one critical point and / is equivalent to z d , or U 
is unbounded and simply connected and / is equivalent to the exponential. □ 

The goal for the rest of this section is to prove Proposition 1 which we restate here for 
completeness. 

Proposition 1.5 (Unbounded preimages of bounded sets). Let f be an entire function, V a 
bounded simply connected open set, and U be an unbounded component of f~ l {V). Either V 
contains an asymptotic value, or U contains infinitely many critical points and V contains 
at least two critical values. 

For the proof we need two preliminary lemmas. 

Lemma 1.6 (Unbounded preimages have infinite degree). Let f be an entire function, V 
a bounded simply connected open set, and U be an unbounded component of f~ l {V). If dV 
does not contain asymptotic values, then f : U — > V has infinite degree. 

Proof. Observe that / : C/\/ -1 (<S'(/)) — > V\S(f) is a covering and has a well defined degree, 
possibly infinity. Let us assume by contradiction that / : U\f~ 1 (S(f)) — > V\S(f) has finite 
degree k. As there are no asymptotic values on dV, for any u € dV there is a sufficiently 
small neighborhood whose preimages consist of finitely many bounded topological disks. In 
fact, we claim that because there are no asymptotic values in dV, for any point u in dV there 
is a neighborhood B u whose preimages under / intersecting U consist of at most k bounded 
topological disks. This is clear for any u 6 V \ S(f) by definition of coverings of degree k. 
For any u which is in dV, if some B u has more than k preimages intersecting U, then points 
in V fl B u also have more than k preimages in U giving a contradiction. Extracting a finite 
covering from the {B u } by using compactness of dV, we obtain a finite covering of dU by 
bounded topological disks, contradicting unboundedness of U. □ 

Observe that the assumption that dV contains no asymptotic values on the boundary is 
necessary. For example, the preimage under e z of a disk D containing on the boundary 
consists of infinitely many unbounded sets mapping univalently to D. 

Lemma 1.7. Let f be an entire function, Dq be a topological disk, Vq,Vq be two disjoint 
connected components of f^ 1 (Do). Let {D r } r >Q be a sequence of non- degenerate increasing 
disks, and suppose that for some r the connected components V} of f~ 1 {D r ) which 
contain Vq,Vq respectively are tangent at a point c € C. Then c is a critical point and its 
image is on dD-. 

Proof. There are at least four boundary arcs joining at c, while there are exactly two arcs 
joining at /(c). □ 

Lemma 1.8. Let f be an entire function. Let K be a compact set, X be a component of 
f~ l (K), and z € K an isolated singularity with two distinct preimages in X. Then there 
exists a singular value v G K , v 7^ z. 
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Observe that the lemma above holds both if z is critical or asymptotic. In any case it 
claims that z cannot be the only singular value in K. 

Proof. If there is v £ K, v ^ z which is accumulated by singular values from C\K, then 
v is an asymptotic value and the lemma is proved. Otherwise, let V be a simply connected 
neighborhood of K such that (V \ K) n S(f) = 0, and U be the component of / _1 (V) 
containing X. If z is the only singular value in V, then f : U\ f~ 1 (z) — > V \ {z} is a covering 
of B* . So by Lemma 11.31 either / : U — >• V is univalent hence there cannot be two distinct 
preimages of z in U, or z is a singular value, and U \ f^ 1 (z) ~ B* hence again there cannot 
be two distinct preimages of z in U. □ 

Proof of Proposition \1.5[ Because there are no asymptotic values in V, by Lemma 11.61 / has 
infinite degree. Let us show that U contains infinitely many critical points. Let u € V be a 
regular point: then there is a neighborhood Dq of u whose preimage under / in U consists of 
infinitely many topological disks mapped univalently to -Do- Because V is simply connected, 
it can be exhausted by an increasing sequence of topological disks D r , r > 0, containing Dq. 
Observe that f : U \ f^ 1 (S(f)) — > V \ S(f) has infinite degree, while / from any component 
of / _1 (Z?o) — > Dq has degree 1. The degree of / restricted to any component of f~ 1 (D r ) 
is locally constant with respect to r unless dD r contains a singular value, so there must be 
some r such that: 

• for r < r, and for any component of f~ 1 {D r ) in U, f has finite degree; 

• for all r > r, and for at least one component of f^ 1 (D r ) in U, f has infinite degree; 

• a singular value v belongs to dD 7 . 

Observe that v is not an asymptotic value by assumption, and that for r = r f has finite 
degree on any component of f~ 1 (D r ) in U, so by Lemma fl.6l none of them can be unbounded. 
It follows that when going through v, infinitely many bounded disks become tangent at a 
collection of points Cj 6 C, which are critical points by Lemma 11.71 As only finitely many 
components can join at each there has to be infinitely many critical points. Finally, V has 
to contain at least 2 singular values by Lemma 11.31 part (b). □ 

1.4 Separating Periodic Fatou Components 

This section is self-contained, and its purpose is to give a precise meaning to the hypothesis 
that 'periodic Fatou components can be separated'. 

Let B be the class of entire functions with bounded set of singular values, and B be the 
class of entire functions which are finite compositions of functions of finite order in B. For this 
class of functions, it is shown in |R3S] that there are maximal injective curves g s : (0, oo) — > C, 
where s £ Z N is a labelling for these curves, such that: 

• lim | = oo Vn>0; 

t— >oo 

• lim \ f n (g s (t))\ = oo uniformly in [i, oo). 
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These curves are called dynamic rays, or just rays. If limt_>.o 9s (t) exists, it is said that the 
ray g s lands. A ray g s is called periodic if for some k > 0, f k (g s ) C g s - 

It is expected that, unless a periodic ray contains a singular value, it does land, in which 
case it necessarily has to land at a repelling or parabolic periodic point by the Snail Lemma. 
This is the case, for example, in polynomial dynamics, and for the exponential family. A 
sufficient condition for a periodic ray g s to land (see [F], [Rej ) is that 



g s n \J w(a) = 0. 
seS(f) 

A stricter criterion for all periodic rays to land is to assume that U s e«S(/) w ( s )) ^ s bounded. 

Under the assumption that / £ B and that periodic rays land, in |BF} Corollary D] the 
following result is proven: 

Proposition 1.9. If f 6 B and periodic rays land, any two periodic Fatou components can 
be separated by two periodic rays landing at the same point, hence their boundaries intersect 
in at most one point. Moreover there are no Cremer points on the boundary of periodic Fatou 
components. 

So whenever we refer to the condition that periodic Fatou components can be separated 
we mean that / € B and periodic rays land. As a corollary of Proposition 11.91 the next 
proposition follows ( |BF1 Corollary E]): 

Corollary 1.10 (Preperiodic hidden components). If f is an entire function such that pe- 
riodic Fatou components can be separated and such that f has no wandering domains, then 
any hidden component of a bounded forward invariant Siegel disk is preperiodic to the Siegel 
disk itself. 

We should add that for functions with finitely many singular values, it is known (see |EL| ) 
that there are no wandering domains, that is that every Fatou component is preperiodic to 
either an attracting basin, a parabolic basin or a Siegel disk. 

2 Proof of Theorems A and B 

Let A be a bounded forward invariant Siegel disk, and Hi be the bounded components of 
C\ A (the hidden components). By definition, 

A = <9AU Au[j Hi. 

i 

Let A be the component of / _1 (A) containing A. 

The proof of part (1) in Proposition 3 is due to Hermann ( }He2j ); we present a sketch of 
the proof for completeness and refer to |CR[ Paragraph 4.2] for details. We give a proof of 
part (2). 
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Proof of Proposition 3. Since A contains no singular values, and any accumulation point 
of singular values is itself a singular value, there exists a neighborhood V of A such that 
V fl S(f) = 0, let U be the component of / _1 (V) containing A. 

(a) By Proposition 11.31 / : U — > V is a homeomorphism hence A = A. The complement 
of A can be uniformized to the complement of the unit disk ID, and the uniformization 
map conjugates / to an analytic map g defined in a small annulus around D. Because 
A is locally backward invariant, using Schwarz reflection's principle g can be extended 
to an analytic map in a neighborhood of S , and its restriction to 8 1 is an analytic circle 
map, which has degree one because / is univalent in a neighborhood of A. The rotation 
number of g can be shown to be the same as the rotation number of A; by Hermann's 
theorem ([HeTJ), if 9 E 7i, g can be linearized via an analytic map. The linearization 
can be extended to a neighborhood of the Siegel disk contradicting its maximality. 

(b) The map / from U — >• V is univalent, hence the unique preimage of A in U is A 
itself. However any hidden component of A is preperiodic to A by Corollary II . 10|. so 
if a hidden component H would exist, there would be n such that f n {H) = A hence 
f n ~ l (H) ^ A is a preimage of A in U giving a contradiction. 

□ 

To prove the Fatou Variation and Theorem 4 we use the following lemma, which includes 
a modification of the proof of a theorem due to Fatou asserting that the boundary of a Siegel 
disk is contained in the union of the w-limit set of the set of critical values (see Theorem 
11.17 and Corollary 14.4 in [Mi]). 

Lemma 2.1. Let f be an entire function with a bounded invariant Siegel disk A. Suppose 
that there exists a point z £ dA and a neighborhood V' of z such that u)(s) H V' = for all 
but finitely many singular values s all of which are in dA. Then there is at least one critical 
point on dA. 

Proof. Let e = 2min [s, — sA where Sj, Sj are singular values in dA, and let z € dA, and V 
be as in the assumption. We first show that there is a neighborhood V C V of z such that 
for any component U of f~ n (V) with f n :U—>V univalent and satisfying U D dA ^ 0, one 
has diamL 7 " < e. If not, there exist 5k — > 0, and Uk components of f~ nk (Ds k (z)) such that 
Uf. n dA ^ and diam[/fc > e. By assumption the inverse branches <pk of f nk defined as 
(pk : D$ k (z) — > Uk are univalent, and for 5^ sufficiently small they all omit three values (say 
some periodic orbit of cardinality bigger than 3). The maps ipk(w) = 4>k{5kW + z) : D — > Uk 
are normal by Montel's Theorem, and they do not converge to infinity because Uk = V'fc^) 
intersects d A for all k. So they admit a converging subsequence Vfcj to a limit function ip 
which is not constant because diamf/fc > e. In particular there is an accumulation point 
y G dA such that y € ^fy(B) for a subsequence kj, and because ip is not constant, there is a 
neighborhood U of y such that U C ^.(O) for large kj, hence il)^ l (U) C D. By definition of 
i>k, (frljiU) = f nk j(U) C D s „.(z) C D 5o (z) contradicting y € J(f). 

Suppose now that there are no critical points in dA. Similarly as in the proof of Fatou's 
Theorem, we will derive a contradiction by showing that there is a family {4> n } of univalent 
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inverse branches of f n denned on V. We define {4> n } inductively as follows. As long as 
<j>n{y) H <->(/) = 0, let 4> n +i be the pullback of <j> n (V) along the backward orbit of z in <9A 
(such a pullback always exists by surjectivity of / : dA — > dA). If <p n (V) intersects S(f), 
since 4> n (V) < e, it contains a unique singular value V\ whithout critical preimages in dA, 
and 4> n +i can be defined as the pullback of (p n (V) along the backward orbit of v\ in dA until 
a new singular value is met and so on. 

The family {</> n } is normal because it omits three values and does not go to infinity, so up 
to passing to a subsequence we can assume that it converges to a univalent function eft. As 
(f) n (V n A) C A for all n, <p(V n A) C A and cj> is non-constant (because (f)(V) n J{f) / 0). 
Like in the previous argument there is a point y G <9A such that a neighborhood of y is 
mapped into V under infinitely many iterates, contradicting y G <J(f)- 

□ 

Proposition 2.2 (Fatou variation). Let / be an entire function with a bounded invariant 
Siegel disk A. Suppose that there are only finitely many singular values interacting with A, 
all of which are contained in dA. Then there is at least one recurrent critical point on dA. 

Proof. As there are only finitely many singular values interacting with A all of which are in 
dA, the hypothesis of Lemma 12.11 are satisfied and there is at least one critical point on <9A. 
The only thing which is left to prove is recurrence. Suppose that there are q critical points 
{q} on dA. Each Cj is accumulated by the iterates of some Cj, otherwise we would get a 
contradiction following the argument of Lemma 12.11 Let c\ be any of the critical points in 
dA, C2 be a critical point whose orbit accumulates on c\, C3 be a critical point whose orbit 
accumulates on ci and so on. There are only finitely many critical points on dA, so c q = c n 
for some n < q. But then iterates of c q = c n accumulate on c q -\ whose iterates accumulate 
on c q -2 and so on until c n , hence by extracting a diagonal sequence of iterates, iterates of 
c n accumulate on c n itself giving recurrence. □ 

Our Fatou Variation is a weaker form of Mane's theorem according to which dA C w(c) 
for a recurrent critical point c. 

Proof of Theorem, 4- Let Sa be the finite set of singular values interacting with A. For any 
singular value s £ Sa we have that oj(s) n dA = 0, while for any s G Sa H F(f) by the 
classification of Fatou components and absence of wandering domain in A either w(s) Pi dA 
is empty or it consists of a finite parabolic orbit. So there is a point z G dA be a point which 
is not contained in u(s) for any s ^ dA hence satisfying the hypothesis of Lemma l2.1i By 
Lemma |2. 11 there is a critical point on dA. □ 

Remark 2.3. In fact, we are showing that the critical point on dA is recurrent. 

3 Proof of Theorem 5 

We now assume that / has only two interacting singular values v, v' , and that periodic Fatou 
components can be separated. Also, let A be a bounded forward invariant Siegel disk for / 
with rotation number 6 G H. In this Section we prove that if there is exactly one singular 
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value v in A, then there is at least one critical preimage c of v on dA. Recall that A denotes 
the component of / _1 (A) containing A. 

If v is a critical value, our setup is equivalent to the one for polynomials and the proof 
is analogous. We reproduce it here for completeness, referring to jCR] only for a part of the 
argument which is quite technical and goes through directly in out case. If v is an asymptotic 
value, an even more direct contradiction can be found. 

Lemma 3.1 (Regular preimages). Let f be an entire function, A a bounded Siegel disk for f . 
Suppose that 5(/)flA = {v} such that v is an isolated singularity and has a regular preimage 
in A. Then A = A and 6 <£ U. 

Proof. To show the first claim observe that since v is an isolated singularity there is a simply 
connected neighborhood V of A such that VnS(f) = {v}; let U be the component of / _1 (V) 
containing A. The map / : U\(f~ 1 (v)) — > V\{v} is a covering, hence by Lemma ll.31 f~ 1 (v) 
is a single point. If it is a regular preimage, then / : U — > V is a homeomorphism and A = A. 
To show that 9 £ T~L, observe that if v has a regular preimage in A, by Proposition 13. II A = A. 
The proof of Proposition 3 can then be repeated to show that 6 £ H. □ 

The proof of Theorem 5 uses a theorem of Mane about hyperbolicity of circle maps ( [MaH 
Theorem A]. [Ma2] V 

Theorem 3.2 (Hyperbolicity of circle maps). Let g : S 1 — > S 1 be a C 2 map. Let AcS 1 be a 
forward invariant compact set which does not contain critical points or non-repelling periodic 
points; then either A = S 1 and g is topologically equivalent to a rotation, or A is a hyperbolic 
set, that is there exist k, n > 1 such that for all k > k and all z € A, \(f k )'(z)\ > n. 

Proof of Theorem 5. Let V D A be a simply connected open set such that (V\A)nS(/) = 0. 
Let U be the component of the preimage of V which contains A. As there is only one singular 
value v £ V, by Lemma ll .81 v has only one preimage in U (possibly, v is an asymptotic value 
and that preimage is at infinity, and A is unbounded.). 

Recall that 



and that / : dA — > dA as well as / : A — > A are surjective. Hence v cannot belong to A, or 
it would need to have a regular preimage in A, which by Lemma [3.11 would imply that 9 £ T~L. 
Again by Lemma 13. II if v £ dA, the preimage of v in d A given by surjectivity of f\dA cannot 
be regular. Since A is bounded neither can v have a preimage at infinity on dA. So either 
v G d A is a critical value and has a critical preimage on dA, in which case there is nothing 
else to prove, or v € H v for some hidden component H v . If the latter occurred, v could be 
either critical or asymptotic but, by the discussion above v has a unique preimage in A and 
this is not regular. The rest of the proof is devoted to show that the condition v G H v leads 
to a contradiction. 

Case 1: The preimage of v is at infinity. This implies that v is an asymptotic value. Neces- 
sarily A and hence U are unbounded. Call Aj the components of / _1 (A) which are contained 
in U. The Aj's are all preimages of the same bounded set under a holomorphic map, so they 
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do not accumulate on any compact set. Thus showing that Aj C A for infinitely many i G Z 
would contradict boundedness of A. 

Since v is the only singular value in V it follows from Lemma 11.31 part (b) that the map 
/ : U —■ V \ {v} is equivalent to the exponential map. The map z — > e z has a transitive 
infinite cyclic group of automorphisms which is isomorphic to Z (generated by translations 
by 2m); hence / also has a transitive infinite cyclic group of automorphisms G generated by 
some element p G G. Up to labelling, Aj = p l A for each i G Z. By Corollary ll.lOj, H v is 
preperiodic to A. Also A is forward invariant, so f n {v) G f n (H v ) is mapped from one hidden 
component to another until it reaches A. In particular, at the iterate just before entering 
A, the asymptotic value v belongs to a direct preimage A m of A, which is also a hidden 
component of A. By Proposition 11.11 part (1), A m = p m (A) C A =>■ p m (A) C A, and by 
Proposition 11.11 part (2) since p m is a homeomorphism, p m {A) = p m {A) so p m {A) C A. 

Now, for any q G N 

p mq A = p mi - q ~^p m A C p mi - q -^A C ... CA 

But then, for any q G N, we have that p mg A C p mq A C A. It follows that there are 
infinitely many A, C A contradicting boundedness of A. 

Case 2: The preimage of v is a finite critical point. Then A is bounded by Proposition II. 5\ 
and / : U — > V is proper; moreover, by Lemma 11.31 part (b), / is equivalent to z d . 

This case is totally analogous to the polynomial case which was proven in [CR]. Indeed 
observe that the transcendentality of / plays no role in this setup which can be solved with 
a local approach. Nevertheless we include the main ideas here for completeness. 

The idea of the proof is the following: we first show that A = A, then uniformize C\ A to 
find a conjugate map which extends to an analytic circle map of some degree d. We show that 
the periodic cycles of the induced circle map are all repelling by using the fact that if there 
existed a nonrepelling one, the remaining singular value would have to both be attracted to 
the nonrepelling cycle and accumulate on dA- which is a contradiction. We can then use 
Theorem 13.21 to deduce that / has a polynomial-like restriction in U and conclude the proof 
using the Second Herman's theorem about unicritical polynomials or from Theorem 4. 

The first goal is to show that A = A. Because there is a unique singular value in A and A 
is bounded, by Lemma [L3l part (b), / is equivalent to z d and has a cyclic symmetry group G 
isomorphic to Z/dZ, say G, generated by some element p. Like before let Aj = p l {A) denote 
the preimages of A in U. By Proposition 11.11 part (3), A = (J Aj. Using Corollary 11.101 like 
in the case where v is asymptotic we can find a direct preimage A m of A which is contained 
in A. If c is a simple critical point, this concludes the proof that A = A, because there 
are exactly two preimages A and A' of A and both are contained in A. If c has a higher 
multiplicity, the proof that A = A is analogous to the polynomial case so we refer to [CR1 
Paragraphs 4.7.3-4.7.5] for details. 

Now, as in the proof of Proposition 3, the complement of A can be uniformized to C \ ID 
via a holomorphic map <£, in order to get an analytic map g defined in a neighborhood of S , 
such that g|§i is an analytic circle map of degree d with no critical points (the condition of 
having no critical points is where backward invariance of A is crucial). As g is conjugate to 
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/ in a small neighborhood of the unit disk, using the fact that the local degree of / is d, it 
can be shown that also g has degree exactly d on S 1 QCR, Lemma 18]). Now suppose that 
g has a point x of period q in SI, with (f q )'(x) < 1. Since g preserves the unit circle, either 
|</(x)| < 1 or g'{x) = e 2ma with a € Q. In both cases there is an open set of points that 
tend to x under iteration of g, whose pullback under $ is an open set B of points tending 
to <9A under iteration of /. It follows that B is a subset of a periodic Fatou component for 
/, which is either attracting or parabolic. Then the orbit f n (B) has to contain a singular 
value, which has to be v' because f n (v) G A. But then, all singular values are in the Fatou 
set, contradicting Fatou's theorem because of the absence of wandering domains. 

So there are no non-repelling periodic points on S 1 and g is hyperbolic on S , hence 
there is a neighborhood U s of S 1 which is mapped outside itself under g. Using < &~ 1 , the set 
U e fl (C \ B) can be pulled back to the dynamical plane of / to get a neighborhood Ut of A 
which is mapped outside itself under /, making the restriction of / to Uf a polynomial-like 
map with a unique critical point c. Then by Fatou's theorem, dA C u(c) and hence c G J{f) 
(again by the absence of wandering domains), contradicting that c £ H v . 

□ 
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